The predictions of the Halpin equation concerning the effect of fibre volume fraction and fibre aspect ratio on the effective tensile modulus of uniaxially aligned short-fibre composites are compared with computational experiments on three-dimensional, multiparticle composite samples. The method of boundary elements is used to model the mechanical behaviour of composite specimens consisting of up to 40 discrete aligned fibres randomly dispersed in an elastic matrix. Statistical averages of computational results relating the effective tensile modulus to the aspect ratio and volume fraction of the fibres are found to agree very well with the predictions of the Halpin equation for fibre aspect ratio up to 10 and fibre volume fractions up to 20%. Computational results seem to indicate that the predictions of the Halpin equation fall bellow those of micro-mechanical models at higher volume fractions.
Introduction
The increased use of short-fibre-reinforced composite materials has sustained, for more than 30 years, a vigorous scientific and technological interest in the prediction of their effective properties. The basic ideas that formed the back-bone for the theoretical prediction of the effective elastic properties of short-fibre composites originated in the early sixties [1, 2] . In summary, methods for the prediction of the effective stiffness of short-fibre composites can be roughly divided into three groups: (i) methods based on a self-consistent model, (ii) exact methods and (iii) variational methods. The above rely on the assumption of macroscopic homogeneity in the composite in order to reduce it to a series of identical unit cells on which the pertinent equations are solved. The effect of microstructure on composite properties is therefore lost in all these approaches°A pplication of the above results can be cumbersome and has been limited.
A model frequently used in the prediction of the effective longitudinal modulus of aligned short-fibre composites is the one proposed by Halpin [3] . For the longitudinal composite modulus (EJ, the Halpin equation reads:
(1 +~°11· <1»
where the subscripts m andfindicate the matrix and the fibre respectively, (<I» is the fibre volume fraction, (~) is the fibre aspect ratio (~=l/r) and (11) is given by:
with (a) being equal to E~m.
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The Halpin equation features in the engineering composites literature as an accepted ruleof-thump for estimating the effective stiffness in aligned short fibre composites [4, 5] . It has been reported [3] that the predictions of Eqn. (1) are in good agreement with experimental data on rubber-nylon short-fibre composites. However, this cannot be said for subsequent comparisons. Extensive data on the effective tensile modulus of aligned short-fibre composites with a number of polymeric matrices and a variety of fibres have been reported in [6] to fall disappointingly bellow the predictions of the Halpin equation. This is not surprising, since a number of factors affecting composite properties (and not considered in Eqn. (1» cannot be easily controlled in fabricated specimens. Among these is the quality of the fibre-matrix interface, the degree of fibre alignment and the uniformity of the spatial configuration of the fibres. In the light of conflicting experimental evidence, an evaluation of the predicting accuracy of the Halpin equation through comparison with numerical experiments in well-controlled three-dimensional, aligned composites seems to be warranted. The present study reports on the results of such a comparison. Computational experiments are carried out in linear elastic composites consisting of up to 40 individual, rigid, rod-like fibres, randomly dispersed in an elastic container and with their axes perfectly aligned with the tensile axis. The method of boundary elements [7, 8] Since the equations of elasticity are solved for the entire multi-particle assembly, as indicated in Figure 1 , interparticle interactions are included in the analysis and are implicitly present in the predicted effective moduli.
The Boundary Element Method (BEM)
In incompressible, elastic matrices containing rigid, rod-like particles, Navier's equations for equilibrium can be re-written in terms of pressure (P) as:
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These can be cast in integral form by considering the weighted residual statement of the differential equations with weighting functions given by the fundamental solutions for the displacement and traction. The fundamental solution for the displacement field (u*) and the associated stress field (q*) are given by
where (r) is the distance between (x) and (y) and (Bij) is the Kronecker delta. The resulting Boundary Integral Equation (BIE) for the displacement components is then given by:
where (T) is the boundary of the domain in which a solution is sought and (Jk) represent the tractions on the surface (I'). The coefficient (c i ) can be determined from the equation:
The BIE (Eqn. (6» is descretized by subdividing the boundary of the domain (T) into triangular and quadrilateral sub-parametric boundary elements. Within each element the components of the tractions and displacements are assumed to be constant but the geometry itself is given a quadratic approximation. The high order geometric approximation is necessary because of the sensitivity of the solution to small perturbations in the geometry for incompressible materials. By collocating the BIE at each element, a system of linear equations is obtained, relating the components of traction to the components of displacement at the collocation nodes. The numerical algorithm was coded and run on a Cray Y-MP 4/64 vector supercomputer. The presented simulations required in excess of 40 CPU hours on that computer.
Results and Discussion
The results of a computational analysis of composite samples similar to the one shown in Fig. 1 are presented in this section. A composite rod containing randomly placed aligned fibres is subjected to uniform displacement at both ends, simulating a bar tensile test. The effective modulus of the composite rod is then calculated for various values of (<1» and (S). The results are summarised in Figure 2 , in which the Reduced Composite Modulus is defined as the ratio between the modulus of the composite and that of the matrix. Because of the random distribution of fibres in each sample, statistical averages corresponding to at least 11 different configurations at each point in (cj>,~) space are reported. The 95% confidence intervals are also shown in this figure. Evidently, increasing the fibre concentration increases the scatter in the predicted modulus, as evidenced by widening 95% confidence intervals. This reflects an increased importance of the interparticle interactions as the fibre volume fraction increases. Fibre Volume Fraction 
Comparison between micro-mechanical computations based on the BEM (solid lines) and the predictions of the Halpin equation (doted lines).
The predictions of the Halpin equation (Eqn. (1) ) are also plotted in Fig. 2 . Evidently, at low fibre volume fractions and for the fibre aspect ratios studied (~=6 & 10), there is a good agreement between micro-mechanical calculations based on the BEM and the predictions of the Halpin equation. At higher volume fractions the predictions of the micro-mechanical model start deviating upwards from those of Eqn. (1) . As the fibre volume fraction increases, interfibre interactions are bound to become increasingly important and, correspondingly, the effective modulus will increase beyond the predictions of the Halpin equation. This seems to indicate that, at higher volume fractions, a self-consistent scheme [1, 9] will be more appropriate for the prediction of effective properties of aligned short-fibre composites.
